Abstract. The aim of this short note is to communicate an example of a finite-dimensional Hopf algebra that does not admit a modular pair in involution in the sense of Connes and Moscovici.
Introduction
The concept of a modular pair in involution was introduced by Connes and Moscovici [2] in order to define the Hopf-cyclic cohomology of a Hopf algebra H over a field k. In the following we freely use standard notation from Hopf algebra theory e.g. as in [5, 6] . In particular, H
• is the Hopf dual of H and β −1 = β • S is the convolution inverse of a group-like β ∈ H
• (i.e. a character β : H → k).
Definition. Let H be a Hopf algebra. A pair (l, β) of group-like elements l ∈ H, β ∈ H • is a modular pair in involution if β(l) = 1 and
holds for all h ∈ H.
Hajac et al. extended this notion to that of stable anti Yetter-Drinfel'd modules over Hopf algebras, see [3] . It is also related to earlier work by Kauffman and Radford [4] who classified the ribbon elements in Drinfel'd doubles of finite-dimensional Hopf algebras. Among their results they showed that if dim k H is odd and S 2 has odd order, then there is always a pair (l, β) implementing S 2 . The question arises whether there are also always pairs (l, β) that additionally satisfy the stability condition β(l) = 1. The aim of the present note is to point out that this is not the case in general:
Theorem. Let p be a prime number, s ∈ Z p \{0}, q ∈ k be a primitive p-th root of unity, and H be the Hopf algbera with generators g, x, y and defining algebra and coalgbera relations
Its antipode is determined by
and H has a modular pair in involution if and only if s ∈ {0, 1, p − 1}.
The Hopf algebra H appears naturally in several contexts. In particular, it is referred to as the book Hopf algebra in [1] .
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Proof
It is immediately verified that the group-likes in H are the elements of the form l = g i for some i; furthermore, a character β : H → k, has to vanish on x, y and is determined by its value β(g) which can be any p-th root of unity in k (including 1, in which case β = ε is the counit of H). It follows that
is the automorphism of H determined by
Comparing this with
shows that S 2 = T if and only if
Assuming β(g) = q i−1 , we obtain
In other words, we need that (1 − 2i + s)s = 0 ∈ Z p .
In total we see that (l, β) is a modular pair in involution if and only if
(1 − 2i + s)s = i(i − 1) = 0 ∈ Z p .
For i = 0 this means s(1 + s) = 0 and for i = 1 it means s(1 − s) = 0 in Z p . The claim follows.
